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Aims
* This session will explore research into the

teaching and learning of Fractions and Decimals
and how we can identify student

misconceptions and address them.

* Participants will also have the opportunity to
engage in rich open tasks which provide access
to learning of these concepts for all students.

CHOOSEMATHS



* Fractions and Decimals are often viewed as
complex concepts for students to learn and for
teachers to teach.

* Using a range of manipulatives, rich open tasks
and asking the right questions educators can
support students in their struggle to conceptually
understand these content areas and impact on

their learning.
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Curriculum Mathematics Scope and Sequence: Foundation to Year 6
Foundation Year Year 1 Year 2 Year 3 Year 4 Year 5 Year 6
Number Establish understanding of Develop confidence with Investigate number sequences, initially Investigate the conditions required for a Recall multiplication facts up to Identify and describe factors Identify and describe properties of prime,
the language and processes number sequences to and | those increasing and decreasing by twos, number to be odd or even and identify odd 10 _ 10 and related division facts and multiples of whole composite, square and triangular numbers
and
place of co;)mting by naming fmm_100 by onseks_fmm any thr_ees, 2vesand_ten fmn;fny starting and even numbers Investigate and use the ﬂunt;?ers and use them to solve Select and apply efficient mental and written
value _mfm”ers. n ss:]fuen(es. :]tarnng %mm‘ (;p count point, then moving to other sequences. Recognise, model, represent and order properties of odd and even problems strategies and appropriate digital technologies
initially tf“ an “’”: 2?' t”t:’_"‘”"f ves and tens Recognise, model, represent and order numbers to at least 10 000 numbers Use estimation and rounding to solve problems involving all four operations
moving from any starting starting from zero i
point _ el rendt numbers to at least 1000 Apply place value to partition, rearrange and Recognise, represent and order to check the rleaslor!ableness of | with whole numbers
Recognise, model, read, Group, partition and rearrange collections | regroup numbers to at least 10 000 to assist numbers to at least tens of answers to calculations Investigate everyday situations that use
ﬁzrr}lﬂeer?lsn:mlgtﬁawt;?i:; g’:{elzg:‘t‘]’gﬁ;igg;‘:e“ up to 1000 in hundreds, tens and ones to calculations and solve problems thousands Solve problems involving integers. Locate and represent these numbers
includi wtiall 4 h b . facilitate more efficient counting Recognise and explain the connection Apply place value to partition, multiplication of_la!'ge numbers | ona number line
including zero, initially upto | these numbersona by one- or two-digit numbers
d then b d ber | Explore the connection between addition between addition and subtraction rearrange and regroup numbers Y . 9 ‘
10 and then beyon number fine using efficient mental, written
. R . and subtraction Recall addition facts for single-digit numbers to at least tens of thousands to 9 N » 7
Subitise small collections Count collections to 100 K . ) | g g assist calculations and solve strategies and appropriate
of objects by partitioning numbers Solve simple addition and subtraction and related subtraction facts to develop roblems digital technologies
cal using place value problems using a range of efficient mental | increasingly efficient mental strategies for p | bl involvi
R.epre.sent practica - and written strategies computation Investigate number sequences Sf’ ve problems "“’_O .vmg
situations to model addition Represent and solve involving multiples of 3, 4. 6,7 division by a one digit number,
and sharing simple addition and Recognise and represent multiplication as Recall multiplication facts of two, three, five 8 and 99 P Bt including those that result in a
c d d mak subtraction problems repeated addition, groups and arrays and ten and related division facts 4 remainder
ompare, order and make " . :
correspondences between using a range of strategies | Recognise and represent division as Represent and solve problems involving De.velop Efﬁ('gm megtal and Use efficient mental and
collections, initially to 20, including counting grouping into equal sets and solve simple multiplication using efficient mental and written strategiesand use written strategies and apply
in i ' on, partitioning and roblems using these representations written strategies and appropriate digital appropriate digital technologies i igi i
and explain reasoning P g P g pprop! g P N appropriate digital technologies
i T " for multiplication and for division
rearranging parts technologies . to solve problems
where there is no remainder P
Fractions Recognise and describe Recognise and interpret common uses Model and represent unit fractions including Investigate equivalent fractions Compare and order common Compare fractions with related denominators
and one-half as one of two of halves, quarters and eighths of shapes 1/2,1/4,1/3,1/5 and their multiples to a used in contexts unit fractions and locate and and locate and represent them on a number
decimals equal parts of a whole. and collections complete whole Count by quarters halves and represent them on a number line
thirds, including with mixed line Solve problems involving addition and
© numerals. Locate and represent Investigate strategies to solve subtraction of fractions with the same or
el these fractions on a number line problems involving addition related denominators
g-, Recognise that the place value ar}d subtraction nffraft\uns Find a simple fraction of a quantity where the
= system can be extended to with the same denominator result is a whole number, with and without
- tenths and hundredths. Make Recognise that the place digital technologies
% mr(;nde(l_iunsl betwgen fractions \éaluesgst:enécag ?e extended Add and subtract decimals, with and without
— and decimal notation eyond hundredths digital technologies, and use estimation and
g Compare, order and represent rounding to check the reasonableness of
= decimals answers
= Multiply decimals by whole numbers and
= perform divisions by non-zero whale numbers.
where the results are terminating decimals,
with and without digital technologies
Multiply and divide decimals by powers of 10
Make connections between equivalent
fractions, decimals and percentages
Real This sequence ends at Year 7
numbers

CHOOSEMATHS




The Australian

J AUSTRALIAN
MATHEMATICAL
SCIENCES
INSTITUTE

- AUSTRALIAN CURRICULUM,
C C Ps ASSESSMENT AND
| REPORTING AUTHORITY

Curriculum Mathematics Scope and Sequence: Year 6 to Year 10
Year 6 Year 7 Year 8 Year 9 Year 10 ‘ Year 10 A
Number Identify and describe properties of prime, Investigate index notation and represent whole numbers Use index notation with numbers This sequence ends at this year level
and composite, square and triangular numbers as products of powers of prime numbers to establish the index laws with
place value Select and apply efficient mental and written Investigate and use square roots of perfect square p‘”“"vg integral indices and the
strategies and appropriate digital technologies to numbers Zeroanoex
solve problems involving all four operations with Apply the assoclative, commutative and distributive laws Carry out the four operations with
whole numbers to aid mental and written computation rational numbers and integers,
i i iti i fficient mental and written
Investigate everyday situations that use positive Compars; oider addand subtisct itegers using.ef : Atk
and negative whole numbers and zero. Locate and PRy ! . stragegi‘estand appropriate digital
represent these numbers on a number line technologies
Fractions Compare fractions with related denominators and This sequence ends at Year 6
and locate and represent them on a number line
decimals Solve problems involving addition and subtraction
of fractions with the same or related denominators
© Find a simple fraction of a quantity where the
e result is a whole number, with and without digital
g‘ technologies
= Add and subtract decimals, with and without
- digital technologies, and use estimation and
font rounding to check the reasonableness of answers
o
s, Multiply decimals by whole numbers and perform
_8 divisions that result in terminating decimals, with
= and without digital technologies
= Multiply and divide decimals by powers of 10
= Make connections between equivalent fractions,
decimals and percentages
Real This sequence starts at Year 7 | Compare fractions using equivalence. Locate and Investigate terminating and Solve problems involving direct Define rational and irrational
numbers represent positive and negative fractions and mixed recurring decimals proportion. Explore the relationship numbers and perform operations
numbers on a number line Investigate the concept of between graphs and equations with surds and fractional indices
Solve problems involving addition and subtraction of irrational numbers, including corresponding to simple rate problems Use the definition of a logarithm
fractions, including those with unrelated denominators Solve problems involving the Apply index laws to numerical ‘tc 95[_3'113"5’" and apply the laws of
i ivi i i " i f . expressions with integer indices ogarithms
Multiply and divide fractions and decimals using efficient use of percentages, including
written strategies and digital technologies percentage increases and Express numbers in scientific notation
Express one quantity as a fraction of another, with and dechreas‘es._wnh and without digital
without the use of digital technologies technologies
Round decimals to a specified number of decimal places _SQIVE arange of pmb\gms B
) 3 involving rates and ratios, with and
Connect fractions, decimals and percentages and carry without digital technologies
out simple conversions
Find percentages of quantities and express one quantity
as a percentage of another, with and without digital
technologies.
Recognise and solve problems involving simple ratios
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everything you
know about %
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Can you show me how you write 2

Can you show another way?
Can you write it as a number?

Can you write it as a word?
Can you draw it as a quantity?
As an area model?

As a collection ?

Can you show it on a number line?
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Meaning of the numbers NTAMS| e
* The denominator tells us what is being counted. It tells
us how big the part is. The name and the size of the

part.

* The numerator is the counting number. It tells us how
many parts we have.

. .3 :
* Think of the fraction 4 - The denominator represents
how big the part is, i.e. quarters. The numerator is how
many of those parts, i.e. 3 (Van de Walle et al. 2010).
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Improper fractions

* A fraction whose numerator is greater than
its denominator.

* The introduction of improper fractions
should occur as early as possible.

* What would 5 quarters look like?
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Fractional Language \7A|\/|S|gg~§§g;gn%u

* Use of Fractional language will support students with their
understandings of both Fractions and Decimals.

: .3 G
* With the Fraction ;; describing it as 3 out of 4 or 3 over 4
causes confusion for students in making sense of Fractions as
a number.

* Many students find it difficult to understand improper
Fractions as these descriptions make it difficult to go beyond
a whole.

“Be sure to read decimals aloud in a way that emphasises the
tie between decimals and fractions. For example, read 24.09 as
‘twenty-four and nine hundredths’, not as ... ‘twenty-four point
oh nine””

Reys, Lindquist, Lambdin & Smith, 2009
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Fraction Models

Volume Model

Area Model

““ ‘ ‘ ‘ ‘ Discrete Model

Number Line

W —

0
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Number Triad Relationship

Relationships between the three important pieces of
information when learning a number (Fuson et al., 1997).

Three fifths

Students need to be able to work with each relationship,
starting at each and any part of the triad. This triad can be
used with fractions, decimals, multi-digit numbers.
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Equivalence NTAMS| e

TTTTTTTTT

Recognising that fractions can be represented as:

. i .
* Decimals: 5 is the same as 0.5

1
* Percentages: 5 isthe same as 50%

* Equivalent fractions: % is the same as % , g etc.

e Ratios % is the same as 1:2

CHOOSEMATHS
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Clarke & Aochs

Activity Sheet: Colour in Fractions
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The constructs that fractions NAMS| s
represent

| | | | | |

2 1 1 1 " ) i )
3
[ Counting ] [ Place Value } l Addition J l Subtractio J Multiplicatio I Division l Fractions l Decimal
v v

- l 7~ - l -~
| ~ | 1 ~ 3
Part-Whole ngt!e'nt U Operator Measure Ratio }
Division
> ~ w

CHOOSEMATHS



Fraction as Part-Whole TAMS

* Partitioning either a continuous quantity (including =~
area, length and volume models) or a set of discrete
objects into equal sized subparts or sets.

* For example, 3 is interpreted as 3 parts out of 4

4

equal parts.
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Fraction as Division \‘TAI\/ISI AAAAAAAAAA

AAAAAAAAAAAA
SSSSSSSS
TTTTTTTTT

i d i
* A fraction p May also represent the operation of 3
division or the result of a division suchthat3 +4 =4 .

* The division interpretation may be understood through
partitioning and equal sharing.

For example, 3 chocolate bars shared between 4 people

Clarke, D., 2006. Fractions as Division: The forgotten notion?. Australian Primary Mathematics Classroom, 11(3), pp. 4-10
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Fraction as operator NTAMS| e

TTTTTTTTT

* A fraction can be used as an operator to find an
amount of a collection or a quantity.

* For example, % of 12 chocolates = 9 chocolates

5
or 3 X 1.5 metres = 2.5 metres.
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Fraction as ratio e
\(AMS' AAAAAAAAAAAA

TTTTTTTTT

* Fractions can be used as a method of comparing the sizes of two
sets or two measurements to either the whole or to another set,
e.g. in a class of 3 girls and 5 boys:

* the ratio of girls to the class is 3:8 (part-whole), which is

equivalent to % of the class being girls

* the ratio of girls to boys is 3:5 (part-part), which is equivalent
to the girls being % of the boys.

zlalelzls
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ahe dotted (purple) rectangle

represents 2
3

what fraction is represented by
the striped (red) rectangle?

Work out the answer in two

\ different ways.
u /
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Decimal Comparison Test NAMS

CHOOSEMATHS

MNAME:

For each pair of decimal

numbers. circle the one

which is LARGER.
4 8 4 .63
0.5 0.36
0.75 0.8
0.37 0.216
3.92 3.4813
5.62 5.736
0.6 0.85
0.426 0.3
2.516 2.8325
7.942 7.63
4. 08 4.7
1.85 1.84

17.353 17.35

2 '"Teaching and Learning about Decimal NMumbers' project.
the University of Melbourne.
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Plickers NAMS| i
* Plickers are an easy to use tool to
collect information

 Look at the Plicker card and see the
number and the different letters

* Turn your card so your response is at
the top https://www.plickers.com/

assets/images/847856ab.st
andardsetsheet.png

* Try to hold the card in the bottom
corner so the image is not covered

* Be honest — your response is
anonymous
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More excanples

4.8 4.63
0.5 0.36
0.8 0.75
0.37 0.216
3.92 3.4813
5.736 5.62
0.75 0.5
0.426 0.3
2.8325 |[2.516
7.942 |7.63
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Decimal Misconceptions NAMS| s

TTTTTTTTT

Longer is larger...
*  Whole number thinking —

4.63 is larger than 4.8 as 63 is greater than8.
 Right hand overflow thinking —

4.63 is greater than 4.8 as 63 tenths is greater than 8
tenths.

Money Thinkers...

* Have a good understanding of the first two decimal places and
may view decimals as two numbers separated by a dot, the first
possibly representing dollars and the second cents.

e Avoid teaching decimals through money.
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Decimal Misconceptions NTAMS e
Shorter is larger...

 Denominator focused thinking :

incorrectly generalising the fact that 1 tenth is bigger than 1
hundredth to ‘any number of tenths is bigger than any
number of hundredths, e.g. 0.4 is greater than 0.83.

* Reciprocal thinking :

incorrectly connects decimals with fractions, e.g. perceives
0.3 as 3 parts rather than 10 equal parts and as such 0.3 is

larger than 0.4 because 1 s greater than 1

3 4
* Negative thinking :

0.3 is larger than 0.4 as -3 is larger than -4.
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Decimal Models

] Hundred Squares
Decimat

< | | 2 Number Line
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Number Triad Relationship NAMS| s

TTTTTTTTT

Relationships between the three important pieces of information
when learning a number (Fuson et al., 1997).

Five tenths 0.5

Students need to be able to work with each relationship, starting at

each and any part of the triad. This triad can be used with fractions,
decimals, multi-digit numbers.
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Base 10 system NAMS i
Recognising that our number system is based
on grouping quantities in tens.

Each place has a value that is 10 times greater
than the place to is right and one tenth of the
value to its left.

'a¥araYaYaX e

Thousands Hundreds Tens Units Tenths Hundredths Thousandths

AL A A NS
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Linear Arithmetic Blocks

* LAB clearly shows that 0.2 is larger than
0.13 and not the other way around! Many
longer-is-larger children think that 0.13 is
larger than 0.2 (as 13 is larger than 2).

* |t also shows other properties clearly
including:

e equivalence of 0.2 and 0.20 (2 tenths and
20 hundredths)

e equivalence of 0.13 (13 hundredths) with
0.1 + 0.03 (one tenth and 3 hundredths)

* density of decimal numbers (that there are
other decimals between 0.24 and 0.25 or
between 0.247 and 0.248 etc)

(Steinle 2012)
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Deciwire NTAMS e
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Introducing Decimats

What | rolled How much is shaded altogether?
Fraction Decimal Fraction Decimal

Adapted from the article ‘Decimats: Helping Students to Make Sense of Decimal Place Value’, by Anne Roche.
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Implications for Teaching NTAMS| i

1.

INSTITUTE

Use a decimal comparison test to determine which students hold
specific misconceptions.

To discourage whole number thinking avoid using equal length
decimals in comparisons tasks and classroom activities.

Avoid using the rule of “adding zeros” to compare decimals as this
promotes the misconception that decimals can be compared in the
same way as whole numbers.

Use fractional language to describe decimals (e.g., 2.56 as 2 and 56
hundredths), as this helps to promote a better understanding of
decimal value.

As with fractions, use proportional models and representations to
help build an understanding of decimal size.

Reference: Anne Roche for CTLM Program Australian Catholic University (ACU).
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www.calculate.org.au
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specific mathematics assessments that reveal thinking

Try smart tests)Usng smart tests} Researchw Contacﬂ

Welcome to smart tests

This 1s the home page of the "SMART::tests" research and development prosject. The pr\gj ect
is being conducted at the University of Melbourne by Professor Kaye Stacey, Dr Vicki
Steinle, Ms Beth Price and Dr Eugene Gvozdenko. o . .

A 'smart test' 1s a specific mathematics assessment that reveals thinking. These innovative
tests, which are accessed through an intelligent on-line environment, provide teachers with
an informative diagnosis of their students' conceptual understanding of many of the topics in
upper primary and junior secondary school mathematics. Within a few seconds of a student
completing a test, the research-backed diagnosis is ready for the teacher. We intend that this
information will be concise enough to be readily useable by teachers, deep enough to make a
real difference to lesson content, and linked to apﬁroprlate teaching resources. Tests can be
used by students anywhere there is a computer with an internet connection.
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